Discrete search in design optimization

Martin Fuchs and Arnold Neumaier

Abstract It is a common feature of many real-life design optimizatfpoblems
that some design components can only be selected from adatitd choices. Each
choice corresponds to a possibly multidimensional desmntgrepresenting the
specifications of the chosen design component. In this papegresent a method
to explore the resulting discrete search space for desigmization. We use the
knowledge about the discrete space represented by its mninispanning tree and
find a splitting based on convex relaxation.

1 Introduction

In design optimization the typical goal is to find a designhwitinimal cost while
satisfying functionality constraints. In some cases tlagesfurther objectives rele-
vant to assess the quality of the design, thus leading toigritétia optimization.
We focus on the case that the objective is 1-dimensional aldek for the optimal
design@ € T c R™ where the components @f = T x --- x T™ are intervals of
continuous variables (e.g., the thickness of a car’'s bodyjndeger variables (e.g.,
the choice between different motor types). The integeratdes arise from refor-
mulation of discrete multidimensional sets in terms of gtbsfZ. That means the
original problem contains constraints likee 2 :={z,...,zv}, z € R", wherez
contains the specifications of the choice.g., mass, performance, and cost of dif-
ferent motors. The constrainEe 2 can be reshaped to an integer formulation of the
search space by usimg binary variabledy, ... by, b € {0,1} and the constraints
z=yN bz andyN b =1.
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Depending on the objective function and the constraintgydesptimization be-
longs to one of the following problem classesroixed integer programming:
both objective function and constraints are all linear, n@xed integer linear pro-
gramming (MILP); at least one constraint or the objectivection is nonlinear, i.e.,
mixed integer nonlinear programming (MINLP); at least onestraint or the ob-
jective function is given as a black box, i.e., black box oyptiation. For all these
types of problems there exist algorithms that emplagléting of the search space
T as a crucial part of their solution technique.

A splitting technique finds a subdivision of the original pkem in two or more
subproblems such that the associated optimization algoigan decide how to pro-
ceed solving these subproblems which may possibly includédr splitting. The
subdivision must ensure that the optimal solution of thegioél problem can be
found as one of the solutions of the subproblems.

For a study of efficient methods using splitting in branchlaodnd for MILP see,
e.g., [3, 11]. Additionally, methods for MINLP also emplagi branch and bound
can be found, e.g., in [10, 14]. Branching in black box praidewith continuous
variables only is studied, e.g., in [7, 9]. Branching rulesnixed integer program-
ming (mainly MILP) are presented, e.g., in [1]. For a surveydiscrete optimiza-
tion, including branch and bound, see [13]. The speciakatéslesign optimization
problems can be studied, e.g., in [2, 4, 12].

If the design optimization problem is formulated using geechoice variables,
it can be tackled heuristically without branching, e.g.sbparable underestimation
[5]. An optimization algorithm using a branching method be integers does not
exploit the knowledge about the structure #f. Using this knowledge, however,
may have significant advantages since the constraints thdénthe functional re-
lationships between different components of the desigredémn the values of
z e % rather than on the values of the integer choices.

In this paper we present a splitting strategy for discrete@espaces such &8
described above. We use only local information about fometi constraints. Thus
the method is applicable in all problem classes of mixedj@t@rogramming, even
for black box optimization, which frequently occurs in dgsbptimization.

We use the knowledge about the structure of the spéceepresented by its
minimum spanning tree [15]. We represent a solution of anlianx optimization
problem as a convex combination of the pomts. ., zy, and use the coefficients of
the combination to determine a splitting across an edgeeofitimimum spanning
tree of 2, cf. [6]. An implementation of our method in MLAB can be found at
www. mar t i n- f uchs. net/ downl oads. php.

This paper is organized as follows. In Section 2 we introdbeaesign optimiza-
tion problem formulation and notation. In Section 3 we diggchow to determine
a splitting based on convex relaxation of the discrete caimgs. A simple solver
strategy that employs our splitting technique is sketcheSiaction 4. Results for a
real-life example in 10 dimensions are given in Section 5.



Discrete search in design optimization 3

2 Design optimization

LetF : R™ — R be a scalar objective function which typically ibkack box model,
e.g., for the cost of the design, containing the functiorektionships between dif-
ferent design components. We assume that the design ogtiarizproblem is for-
mulated in the following form:
rgfzn F(2)
st. z=2(0), 1)
6eT,

whereZ : R — R"™, § = (61,02,...,0™)7 is a vector ofchoice variables, T
means transposed, afidis the domain of possible choices 6f We assume that
the choices can be discrete or continuousIBwe denote the index set of choice
variables that are discrete, and we denote the index setoadekariables that are
continuous byle. We havelgUlc = {1,2,...,no}, IlgNlc = 0. Theselection con-
straints 8 € T specify which choices are allowed for each choice variaixde,
T=Tlx- . xTW T ={1,2,...,N} fori € lg, andT' = [8',07] fori € I.. The
mappingZ assigns an input vectarto a given choice vectd.

In thediscrete casej € I4, a choice variabl®' determines the value of com-
ponents of the vectare R" which is the input for the modéi. Let 1L.2,...,N; be
the possible choices fd', i € 4, then the discrete choice variatfe corresponds
to a finite set of\; points inR". Usually this set is provided in am x N; table
T, i.e.,Z'(8") is the@'th column of T’ (see, e.g., Table 1). The mappiy i € I,
can be regarded as a reformulation of a multidimensionaleltis sub search space
consisting 0fZ'(1),...,Z'(N;) into the integer choices, 1 ., N;. In the continuous
casej € I, the choice variablé' belongs to an intervdb', 8'], i.e.,

Z'(6'):= 6 for 6' c [0, ). )

Via the concatenation & (8') we now define

Z(0) :=z:=(Z4(8Y),...,Z™(8")). (3)

Note that any vectoz = Z(6) has the lengtm, = 3, ni + |Ic|. We callZ a table
mapping as the nontrivial parts @fconsist of the tables'.

Toy example. Let T = T x T2 x T2 be choices for the design of a car, Tet=
{1,...,7} be seven choices for the motor of the car;llét= [0, 2] be the continuous
choice of the thickness of the car’s body, Tt = {1,...,10} be ten choices for
the length of the car's axes that are only available in integgts. Thus we have
lg = {1,3},1c = {2}. Let the associated tabté be as shown in Table 1 witk; = 7,
ny = 2, describing two-dimensional characteristics of eachomdthe tabler® is
simply given byt3 = (1,2,...,10)". Let the objective functiof be given by
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2 2

F(2) = F(V}, V3,3, V3) = (v%+ %) + (v%- %) +expV2) + (Vi —10)2. (4)
modeling the cost of the designed car, whére= Z'(8'). The optimal solution of
(1) with these specifications is given 8s= (5,0,10) sinceZ'(5) = (—4,0)" is
closest t¢—3,2)T and the two choice8? and6® are obvious.

Note that the objective in fact dependsa(T ), and not on the integer values in
T1orT3. Thisis the crucial message of this example: in design dpéition discrete
choices are typically associated with multidimensionsttite spaces. Subdividing
the search space should thus subdiAd€) instead ofT. The rest of the example
is constructed to be sufficiently simple to illustrate themoel presented in the next
sections.

Table1 Tabulated datZ*(T?)

[0°[1[2/3]4] 5] 6[ 7]
VI T4]4]6[5]—4]—8]—4
vi[o[1]o[3] o] o] 2

The method that we use to solve (1) is a splitting strateggdas convex re-
laxation of the discrete search spaces, cf. [6]. We solvaglg special case of the
following optimization problem.

min ¢’ x
0.x

st. F(Z(8)) < Ax, ®)
BeT:=Tix...xTN,

whereF : R — R"™ possiblymr > 1,¢c,x € R™, Ac R™*™ Withc=A=1,
and by eliminatingc and introducing a new intermediate variabla (5) we see that
(1) is a special case of (5).

3 Convex relaxation based splitting strategy

The idea behind the method presented in this section is thepr@sentation of

a continuous relaxed solutian= (Z,...,2%) of (5) by convex combinations of
the pointsZ'(0'), 68' € T', i € lg, gives an insight about the relationship between
the solutionz and the structure of the discrete search space in each cempan

l4. The split divides this space into two branches, where thgribmtion of each
branch to the relaxed solution of (5) is as balanced as pes3ibus we can exploit
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the knowledge of the structure er(Ti) — represented by itsiinimum spanning
tree — towards finding a natural subdivision ©f A convex combination foz =
(V%,...,00) is given by

N
V= > AaZ'(8"), forielq, (6)
0'=1

with Z?‘Ll)\} =1,A] >0, i.e., a convex combination of the finitely many tabulated

vectors inR™ given in a tabler'. We will see how the coefficients = (A,...,A{,),
i € lg, of the convex combination in thith coordinate impose a splitting of the
search space componeittsi € |g.

To compute a convex relaxation of (5) we reformulate the f@mbas follows.
Assume that we have an initial set Nj starting points, ..., zy, coming from a
relaxationZy, x --- x Z; of the discrete constraints. That means the discrete sets
Z\(T') CRM,i € lg, are relaxed to interval boun@%, = Zj, ; x -+ x Zig .., Where
Zh oy = ;U] with £ = miny zi(ri) Vi, U= MaX;zi(ri) Vi LetFy =F(z1),...,Fny =
F(zn,) be the function evaluations of the modeelat the starting points which are
used to approximateé. We solve the following problem:

min ¢ x+ & ulp
ZX,HV,A

No
st. HjFj < AX,
>

No
z=3 Wz,

=1
No
> Hj=1,
= )
z=(V},...,VY),

N;

N
Aj=1forielg,

=1

Al >0foriely,1<j <N,

Ve [0, 01 forielg.

Here we approximatE at the given evaluation points, i.€(z) ~ z:-\lill.lj Fj, for
zZ= z'j\'glujzj, z'j\'glu,- = 1. We require the solution to be a convex combination
of the tabulated point&'(j) in the discrete casec lg, i.e.,z= (V},...,v0), V =
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zﬂ-\'izl)\}zi (i), Zz'il)‘} =1,A} >0,1< j <N. And we require the solution to respect

the bound constraints on the continuous choices,vi.e,[8', 8]. The constant

can be considered as a regularization parameter, adjustethally. The objective
function in (7) is convex, the constraints are linear.

Remark 1. In case of design optimization with 1-dimensiofathe problem (7) is
typically unbounded fop = 1 and lowe. After increasinge it typically changes
towards a binary solutiop; = 1 for some, andp = 0 fork #i. A binary u would
simply mean that if there are starting points amongzhia the Cartesian product
of the convex hulls oZ! (Ti), then the solutioZ =: Zsart is the best of these points.
Choosingp = 2 and increasing from 0 towardso in numerical experiments, the
solution of (7) typically changes from unbounded to a binsojution and then
converges tqu = (N—lo, . N—lo) which may produce an alternative solutdg Zsgart
Hence in case thaty = 1 we solve (7) twice, withp = 1 andp = 2. Thus we
get two solutiong; and?, respectively. Then we compare the two solutions by
evaluatingF, i.e.,F := F(21) andF; := F(2). If F, < F; we use in the remainder
of our method the convex combinatiarfound by (7) withp = 2, otherwise we use
the convex combinatioA found by (7) withp = 1.

Remark 2. One could also approximate nonlinearly in (7). Hence (7) becomes a
nonlinear programming problem which requires a differenirfulation.

The solution of (7) gives the values of the coefficieRits= (Al .. ,X,i\,i ),i €y, of
the convex combinations f&t. These values are now used to determisplating
of T'.

Consider thdth coordinated’ € T = {1,2,...,Ni}, i € 4. One computes the
minimum spanning treefor the pointsZ' (T') ¢ R™, see, e.g., Fig. 1.

For a fixed edgé& in the graph belonging to the minimum spanning treg ¢T')
we denote byz}, the set of all points on the right side kfand we denote by},
the set of points on the left side &f(e.g., in Fig. 1 lek be the edgé¢1—?5), then
ZL ={1,2,3,4}, andzl, = {5,6,7}).

For every edgek in the minimum spanning tree & (T') one computes the
weightwi, of all points inZ}; and the weighti, of all points inZ}, by

Wa= Y A (8)
{ilZ'(})eziy}

We= 5 A 9)
{ilZi())ezZ,}

We splitT' into T} andT} across the edge= argmin|wi, — 3, i.e., the edge where
the weight on the one side and the weight on the other sidd@gest to 50%.

Remark 3. Interpreting the weight on one side as the contribution ® rétlaxed
solution we thus spliT' as balanced as possible. Though a balanced splitting is not
necessarily the best strategy in general, it is motivatéte gaturally. If there is one
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leaf of the minimum spanning tree close to the relaxed smiutihas a weight close
to 1, and we split off just this leaf, thus strongly reducihg search space. If the
weights are rather uniform we do not have sufficiently preaigormation to split
off just a small subset of the minimum spanning tree, so wieis@ rather uniform
way, i.e., in two partitions of similar weight.

Remark 4. In total we find up to 8¢/ possible branches. The decision on which vari-
able to split — and whether or how to join the branches in aimopation algorithm

in order to find a division of the search space after compuﬂhgl’zi — may seri-
ously affect the performance of the algorithm and dependsawn the algorithm
handles the resulting subproblems. Section 4 presentsasségity of a branching
strategy.

Remark 5. Using the minimum spanning tree is not scaling invariant rees re-
sults depend on distances between the discrete pdifis). Hence the user of the
method should use a scaling of the variables where distdretasen the discrete
points have a reasonable meaning.

A particular strength of our approach is that we do not regjuiformation about
F except for the function evaluatiofs, ..., Fy,, hence also black box functiofs
can be handled which is often occurring in real-life applmas.

An implementation of the method can be found onlinexatv. mar ti n- f uchs.
net / downl oads. php.

Toy example. To solve our example problem we apply the method Wigh= 20,
c=A=1,ande = 1%

We look for splittings ofT', i € Iy = {1,3}. The graph of the minimum spanning
tree ofZ1(T?) is shown in Fig. 1.

Fig. 1 Graph of the minimum spanning tree of(T?)

Relaxing the discrete search space to a continuous spacsoliltion of (5) is
obtained aZ = (-3, 2,0,10).
1111111

The convex combination with fixed? = (.35 5 & 8 5) Would give

$ A1Z4(1) = (-029,083) (10)
=1
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which is close tqzt,22), so our method should find a weighting similarkd. This
weighting would apparently lead to a split &t(T*) across the edge = (1—5)
sincezje{lyzm}}jl = zje{aﬁj}le = 0.5. Thus it is not surprising that our im-
plemented method actually spli' into T} = {1,2,3,4} and T} = {5,6,7} in
most experiments. Sometimes it splits off the leaf 7, Tré.,: {1,2,3,4,5,6} and
T} = {7}, orit finds T = {1,3,5,6,7}, T} = {2,4}, depending on the approx-
imation and the convex combination found from (7), deteediiby the function
evaluations=, ..., Fy,.

The split of T2 is expected to split off the IeafAlo sin€eis strictly monotone
decreasing i = Z* € [1,10] resulting in a weighi\3; close to 1. Except for few
cases where we fin@® = {1,2,3,4,5,6,7,8}, T; = {9,10}, we find the expected
splitting of T3into T2 = {1,2,3,4,5,6,7,8,9} andT; = {10} with our implemented
method.

4 A simple solver

We have implemented the method in a simple solver with tHevi@hg branching
strategy: We round the relaxed soluti@grof (7) to the next feasible point of (5)
Zround:= arg MiNzez(1)) ||lz— 7| and start frongounga local search i, i.e., anin-
teger line search for the discrete choice variables, aftetsymultilevel coordinate
search (MCS) [7], for the continuous choice variables anitiesation of this proce-
dure until satisfaction. The function evaluations during local search are used in
two ways.

First, we use them to determine the coordiniatd 6 = (6%,62,...,0") for
which dewax(i) is maximal, where deyax(i) is the maximum deviation of the
function values while varyingd' in the local search. Then we split the origi-
nal T =T x ... x T only in this coordinate and get two branchBs T», i.e.,
Ti=T % xTx - xTO Tp=T!x-.. x T} x --- x T, whereT/, T, are the
results from our splitting method in Section 3.

Second, we selecl; for the next iteration step if the best point found during
local search comes froify, otherwise we seled®, for the next iteration step. Hav-
ing selected a branch for the next step we iterate branchiddaal search until
satisfaction. As a stopping criterion one may choose, thgt,the optimal solution
found by the local search has not been improved\igr times, or a maximum total
number of iterations.

This simple strategy is already suited to demonstrate th&ilness of our split-
ting routine in Section 5. As soon as our method has been mgi¢éed into an
enhanced version of the solver we will also provide a consparivith further dif-
ferent solvers on more test cases.

Toy example. We have used the solver strategy described to find the optimum
6 = (5,0,10) of our example problem. In the first iteration we slit and find
the branchThew = T x T2 x T3,,, T3, = {10} for the next iteration step. In the
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following iterationsT? is reduced tq5,6,7}, then to{5,6}, and finally to{5}, and
local search confirms the optimuén= (5,0, 10).

5 A real-life application

We have applied our method to a problem of optimization underertainty in
spacecraft system design, described in the study [12], andompare the results
with the existing method used in that study. After reasomaimnplification, the
problem can be formulated as in (1), whete= R° is a 10-dimensional design
point,F(Z(0)) is a MATLAB routine computing the worst case for the total mass of
the spacecraft at the design pothtinder all admissible uncertainties. That means
one looks for the design with the minimal total mass, takimg iaccount possible
uncertainties.

In [12] heuristics based onN®BFIT [8] was used which suggested a candidate
for the optimal solution in each iteration step. From thiadidate one performs a
local search and iterates afterwards until no improvemeéttie optimal solution
has been found 4 times in a row. This&BFIT based search is done 20 times inde-
pendently with 20 different random starting ensembles &xkhhe reliability of the
putative global optimum found. Howevem8BFIT is not developed to deal with in-
tegers, so integer variablé, i € |4 are treated as continuous variables and rounded
to the nextinteger values. Hence the optimum candidatepested by SOBFIT are
suboptimal, and the local search gives the most significaptovement towards the
optimal solution. The global optimum was found in 3 out of 2@s. On an average
one run required about 2500 evaluationg-of

With the solver strategy described in Section 4 we can contfirenresulting

global optimum. The reliability of our approach, howevaersignificantly better.
In 5 independent runs we have found the optimum 4 times. Oméailed because
there was no feasible point in the set of initial functionlaa#ions. One run also
required about 2500 function evaluations on an averagecélanthe same level of
reliability we have found the solution with much less effort
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