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Abstract

Robust design optimization methods applied to real lifedopgms face some major dif-
ficulties: how to deal with the estimation of probability déres when data are sparse,
how to cope with high dimensional problems and how to usead&linformation in
the form of unformalized expert knowledge. In this paper nteoduce in detail the
cloudsformalism as a means to process available uncertaintyrirétion reliably, even

if limited in amount and possibly lacking a formal descrypti This enables a worst-
case analysis with confidence regions of relevant scenaigch can be involved in
an optimization problem formulation for robust design.

Keywords: clouds; potential clouds; robust design; design optindratconfidence
regions; uncertainty modeling.

1 Introduction

Robust design optimization is the art of safeguarding bliagainst uncertain pertur-
bations while seeking an optimal design point. In everyglegirocess an engineer
faces the task to qualify the object he has designed to bestobhiat means the design
should not only satisfy given requirements on functiomegitbut should also work un-
der uncertain, adverse conditions that may show up during@mment of the designed
object.

Hence the process of robust design optimization demandsthetsearch of an
optimal design with respect to a given design objective,amdppropriate method of
handling uncertainties. In particular for early designg#® it is frequent engineering
practice that experts first assign bounds in terms of inteprasafety margins, and then



decide iteratively to refine or coarsen the bounds on theslod¢heir judgments. These
intervals or safety margins are propagated within the whpténization process. Thus
the design arising from this process is supposed to inclofastness intrinsically.
Note that the assessment of robustness is exclusively basedert knowledge of the
engineers who assign and refine the intervals. There is nati§joation of reliability,
no formal worst-case analysis involved.

Several methods exist to approach reliability quantifamafrom a rigorous math-
ematical background, originating from classical probgbiheory, statistics, or fuzzy
theory. However, real life applications of many method<ldise various problems.
One of the most prominent is probably the fact that the dineensf many uncertain
real life scenarios is very high. This can cause severe ctatipnal effort, even given
the complete knowledge about the multivariate probabdistributions of the uncer-
tainties, also famous as the curse of dimensionality, Kaci|€1999). High dimen-
sional problems approached from the field of imprecise friitias are investigated,
e.g., by Oberguggenberger et al. (2007) with sensitiviglysis methods. Moreover,
if the amount of available uncertainty information is veimited, well-known current
methods using classical probabilities either do not applgllaor are endangered to
critically underestimate error probabilities, Fersongap A simplification of the un-
certainty model, e.g., a reduction of the problem to an iratieeinalysis after assigning
intervals to the uncertainties as described before (eogcaed 30 boxes), entails a
loss of valuable information which would actually be aviaits maybe only unformal-
ized, but not at all considered in the uncertainty model. \Wd & fuzzy theory ap-
proach for engineering applications, e.g./ by Ross (19896)lation techniques, e.g.,
by/McCormick and Olds (2002). A method based on possibitigory has been devel-
oped by Dubois and Prede (1986), and recently Dubois and:H28d5) have given
formal links and comparisons of various methods. Some wgokisito the arithmetic
operations on random variables to bound the probabilityridigions of functions of
random variables, cf._Berleant and Cheng (1998), FersobZ)2®illiamson ((1989),
recently reviewed by Regan et/ zl. (2004). There are alsonateto generalize as-
pects of the different uncertainty approaches and put tiendne framework, e.g.,
with random sets, cf._Kreinovich (1997). Different appro@s to design optimization
can be studied, e.g., in works|of Alexandrov and Hussaind§)9Lewis and Mistree
(2997).

In this paper, we start from the theoretical basis of clowdgite practical means
for multi-dimensional uncertainty modeling. We shortlyroduce how to involve the
model in an optimization problem formulation. It will be st that clouds can pro-
cess limited amounts of stochastic information in an urtdedable and computation-
ally attractive way, even in higher dimensions, in order éofprm a reliable worst-
case analysis, reasonably safeguarded against peramb#iat result from unmodeled
and/or unavailable information. In higher dimensions futhbabilistic models need to
estimate high dimensional distributions for which rarelffisient data are available.
However, estimation of distributions in one dimension im@ie and well-understood.
We will transfer the higher dimensional case to the unitaréase via the concept of
potential clouds. Since the strength of our new methodoliegyespecially in the ap-
plication to real life problems with a very limited amountinformation available, we
focus in particular on problem statements arising in eaglyigh phases where today’s



methods of handling the limited information are very imnmatu.e., no tractable solu-
tions have been proposed for such problems so far. On theamtk the information
is considered to be available as bounds or marginal prabadistributions on the un-
certain variables, without any formal correlation infotina, as in many applications.
On the other hand, unformalized expert knowledge will betwaga to improve the
uncertainty model adaptively by adding dependency coingéréo exclude scenarios
deemed irrelevant. Unformalized knowledge is availablg,, é an expert does not
know correlations exactly, but can formulate a statemé&at'if variablea is high then
variableb cannot be low’. Thus he is able to exclude irrelevant scesaglthough he
is unable to give a formal description. The information césode provided as real
sample data set, if available.

This paper is organized as follows. First, we follow the dsdormalism from
Neumaieri(2004) in Sectidd 2, picking those ideas that arst mitractive for the han-
dling of high dimensional uncertainties and investigating special case of potential
clouds. We will see how they help to cope with dimensionatisues. A short intro-
duction how clouds can be involved in an optimization prabfermulation for robust
design is given in Sectidd 3. In Sectigh 4 we will learn howrtieipret approximations
and bounds on cumulative distribution functions in termslofids. Some considera-
tions about suitable potential functions can be found irti8e®. Sectiol b concludes
our studies.

We thank the anonymous reviewers for their very valuableroents.

2 Thepotential clouds approach

The clouds formalism serves as the central theoreticaldvacikd for our uncertainty
handling:

2.1 General framework

We start with the formal definition of clouds and introduce totation. Afterwards we
restate the central results from Neumaier (2004), Sec8ardl 4, that will be relevant
for our studies later on.

Lete € M C R"™ be ann-dimensional random vector. Aloud is a mapping
x(e) = [x(€),x(¢)], wherex(e) is a nonempty, closed and bounded intervgD, 1]
forall e € M, and

10,1[ | x(e) € [0,1]. (2.1)

eeM

We call(e) thelower level andx(e) theupper level of the cloud, and denotg(s) —

X (¢) as thewidth of the cloudy. A cloud is callecthin if it has widthO0.

2.1Remark. Clouds wherey(¢) = 0 are equivalent to fuzzy sets, cf._Neumaier
(2004). They can also be considered as a special case ofmasels, cf. Destercke
et al. (20077).



We say that a random vectobelongsto a cloudy overM, if
Pr(X(e) <y) <y < Pr(x(e) <) (2.2)

forall y € [0,1].

A cloud is calleddiscreteif x and only take finitely many different values. It can
be shown that discrete clouds can be constructed from samixiscrete or discretized
continuous probability distributions in low dimensions\histograms, cf._Neumaier
(2004) Theorem 3.1, and in principle can approximate ahjtdistributions arbitrarily
well. As histograms and the related discrete clouds arengasomputational problems
in higher dimensions, we define continuous clouds that velhtuich more important
for our purposes: A cloud is callemntinuous if the lower levely and the upper level
X are continuous functions. B

There exists a close relationship between thin continuadisiensional clouds and
CDFs of real univariate random variables,[cf. Neumaier 2@0oposition 4.1.

2.2 Proposition. Let F.(x) = Pr(e < z) be the CDF of the 1-dimensional random
variablez, theny(z) := F.(x) defines a thin cloud ardbelongs toy, i.e., for the thin
casePr(x(z) <y) =y,y € [0,1], if = has the same distribution as

Proof. From the definition of a CDF it follows that := F. satisfies the conditions
that define a cloud. Due to the fact tHaf(«) is uniformly distributed ifz has the same
CDF asc we havePr(x(z) <y) = Pr(F.(z) <y) =v. O

2.2 Potential clouds

CDFs are well known from probability theory. In particulaetunivariate case is very
handy, computationally appealing and intuitively undansiable. However, we want
to deal with significantly higher dimensions than 1. Thigle#o the idea to construct
continuous clouds from user-defined potential functibhs M — R. Lete € R".
Though the CDF ot often cannot be estimated for highdue to a lack of avail-
able data, the random variablé := V' (¢) is univariate and its CDF can be easily
approximated by an empirical CDF. The idea is to constrymdtantial cloud from an
interval-valued functiory of the potential functioi’, i.e.,x o V : M — [a, b], where

[a, b] is an interval in[0, 1]. How this potential can be constructed in practice will be
discussed in Sectidn 5.

2.3 Proposition. The mapping defined by
x(@) = [a(V(z)), a(V(z))], (2.3)

defines a cloud and belongs toy, suppose that € M, a(a) < Pr(V(e) < a),
a(a) > Pr(V(e) < a), o, @ continuous from the right and monotoree,c M a
random vectorg € R, V bounded below.



Figure 2.1: Nested confidence regions in two dimensions dafidence levelsy =
0.2,0.4,0.6,0.8,1. The lower confidence regiors, plotted with dashed lines, the
upper confidence regioris, with solid lines.
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Proof. Obviously [2.1) holds fory. One has to show (2.2). Let € [0,1]. As-
sumedz € R with @(z) = y. By construction ofx andz we getPr(x(¢) < y) =
Pr(@(V(e)) <y)=Pr(@V(e)) <a(z)) =Pr(V(e) <z)<a(r)=y. If pr € R
with @(x) = y anda(z) > y for all z. ThenPr(x(s) < y) = Pr(@(V(e)) <
y) = 0 < y. Otherwise ifflz € R with @(z) = y, thendy’ € [0,1],z,h € R with
a(z + h) =y >y, anda(z) < y asa is continuous from the right. This yields
Pr(x(e) < y) = Pr(@(V(e)) <y) = Pr(@(V(e)) <al(z+h)) = Pr(V(e) <z +h)
=a(x +h) < yif h — 0. HencePr(x(e) < y) < y. We getPr(x(e) < y) >y
analogously, sg fulfills (2.2). B a

Propositiol 2.B leads us to an important interpretatioreims of confidence re-
gions fore, as it tells us that it is sufficient to find an appropriate bding o, @ on the
CDF of V'(¢) to construct a potential cloud. This can be achieved, eyd{Sstatistics
Kolmogoroff (1941), cf. Figure4l1.

If we have a look at Figuife 2.1, we see fuzzy confidence levetstaro dimensional
random vectoe. The curves displayed are level sets of the poteffial) : R? — R.
They represent nested confidence regions defined as foll@yws= {c € M | V(¢) <
V it V, = min{V, € VM) | @(V,) = a} exists, andC, := 0 otherwise;
analogouslyC,, :={e e M | V(e) <V, }if Vy :=max{V, € VM) | a(Va) = a}
exists, and’,, := M otherwise. The regiog’,, contains at most a fraction of of all
possible values of in M, sincePr(e € C) < Pr(@(V(e)) < a) < Pr(F(V(e)) <
a) = «; analogouslyC,, contains at least a fraction afof all possible values of in
M. Generally holdg,, C C,.

Let us summarize what is needed to generate a potential :clbpdtential func-
tion V' has to be chosen, then appropriate bounds on the ERF V(M) must be
found. How to find these bounds will be described in SedfloBut.how to choose the



potential function? There are endless possibilities (seg, Figurd 2]1) to make the
choice. A variation of the shape of the potential to imprdweuncertainty model will
be considered in Sectigfh 5.

3 Cloudsin robust design optimization

In this section we shortly introduce how clouds can be inedlin the formulation of a
robust design optimization problem.

Provided an underlying model of a given structure to be desig with several
inputs and outputs, we denote:aghe vector containing all output variables, anctas
the vector containing all input variables. L&ebe a design point, i.e., it fully defines the
design. Lefl’ be the set of all possible designs. The input variablesnsist of design
variables which depend on the desiy®.g., the thrust of a thruster, and external inputs
with a nominal value that cannot be controlled for the undedg model, e.g., a specific
temperature.

The input variables are affected by uncertainties. d.dénote the related random
vector of uncertain errors. One can formulate the optinozaproblem as a mixed-
integer, bi-level problem of the following form:

mein max g(z) (objective functions)
x,z,€
s.t. G(z,z)=0 (functional constraints)
z2=7Z0)+¢ (input constraints) (3.1)
0eT (selection constraints)
V)<V, (cloud constraint)

where the design objectivgx) is a function of the output variables of the underlying
model. The functional constraints express the functioektionships defined in the
underlying model. The input constraints assign to eachgdeésia vectorz of input
variables whose value is the nominal entry fréf(d) plus its errore with uncertainty
specified by the cloud. The selection constraints specifichvbdesign points are al-
lowed for 6, 6 typically consists of integer and continuous componentse @loud
constraint involves the potential functidn as described in the Sectibh 5 and models
the worst-case relevant regigr, .

If the functional constraints can be solved numerically fogiven z then z and
x are determined by so that effectively only an optimization overis needed. The
confidence leved should be chosen to reflect the seriousness of consequertes o
worst case event. In our applications from spacecraft sydtsign we used = 0.95,
cf.|Fuchs et al. (2008), Neumaier et al. (2007).

In the remainder of the paper, we concentrate on the clouergéan aspect, which
is only loosely related to the optimization phase, cf. Redfiad.

4 Generation of potential clouds

This section will investigate how to find appropriate boumasthe CDFF' of the
potentiall’(¢). As we do not have the knowledge BfV (¢)) we have to approximate



it before we can assign bounds on it. To this end we will maleaighe well-known
KS statistics, cf._Kolmogoroff (1941), as suggested in th&t bection. That means
we approximatef’ by an empirical distributior¥’. The generation of an empirical
distribution requires the existence of a samgleepresenting our uncertainties.

It depends on the givauimcertainty infor mation whether a sample already exists.
We assume that a priori uncertainty information consistgivén samples, boxes (i.e.,
lower and upper bounds on the variables), or continuousimar@DFsF;, i € I C
{1,2,...,n}, on then-dimensional random vectar, without any formal knowledge
about correlations or joint distributions. In case ther@assample provided or the
given sample is very small, a sample has to be generated. hEse ttases we first
use al atin hypercube sampling (LHS, cf. IMcKay et al. [(1979)) inspired method to
generates. This introduces some preference for a simple structure. €ffect of this
preference will be later diminished by weighting of the steqmints.

To generatéVs sample points we start with the creation aVg x - - - x Ng = Ng
grid. In case of a given interval an the marginal grid points are chosen equidistantly
in the interval. In case of a giveR;, i € I, the marginal grid is transformed with
respect to the marginal CDF, to ensure that each grid interval has the same marginal
probability. Letas € (0, 1], a confidence level for the sample generatign= 1 —
Yas, i =S to =t +1- 25, ts=t1 +2- 225, tng =1 + (Ns — 1) -
}V;’isl = 1 — &%, then the marginal grid points are choseryas= F7 (), gio =
F(ta),...,gins = F'(tng). From this grid the sample poinis, 2o, . . ., g
are chosen to satisfy the Latin hypercube condition, i.e.,

Vik € {1,2,...,Ns},Vj € {1,2,...,n} ) # ] if k1, (4.1)

Wherex{ is the projection of; to thej*" coordinate.

Note that giverd = {1,2,...,n},i.e.,a marginal CDF is given for each coordinate
of ¢, thenag is a confidence level for, supposed that’, i € I, are independent:
Pr(e € [g11,91N5] X [921,92ns] X -+ X [gn1, 9nns]) = [Lics Pr(e’ € [gi1, gins))
= [[im1 (Filgins) — Filgn)) = [[i=i (tvs —t1) = (1 = ps)" = as.

4.1 Proposition. The marginal empirical distributioB;(¢) = > (et <€} Nisz el,
of our sample approximatdg for Ng — oo andag — 1.

Proof. The LHS condition[(4]1) implies that{ = g;i for somek. One can write
k = q - Ng with some rational number € [N%’ 1]. The ratiog = Nis is constant for
all Ng as to the construction of the poirtisi € {1,2, ..., Ng} equidistantly in direct
dependence frofVs. Lets € [gjk, gjk+1). £ € {1,2,...,Ng — 1}, thenﬁi(s) =
Nis. For Ns — oo andag — 1 there exists’ : s = g;i, SOlimpyg o0 Fi(s) =
lmpyg oo tpr = limyg oo t1 + (K — 1) - % =¢q,withk’ = ¢ - Ng, and we get

lim g oo Fy(s) — Fy(s) = ¢ — ¢ = 0. O

4.2 Remark. «gs can be freely chosen froff), 1]. A choice ofas = 1 allowsg;; =
—00, ging = 00. In practice one choosess smaller than but close to 1. We use



as = 0.998 in our applications. Also note that by the usewf < 1 the sample

generation can distinguish between mere interval infoionand a marginal uniform
distribution: the information that’ € [a, b] will result in a different sample than the
information that? is uniformly distributed ifa, b].

Thus the generated sam@fle= {x1, 2, ..., znN, } represents the marginal CDFs ar-
bitrarily well. However after a modification df, e.g., by cutting off sample points
as we will do later, the marginal empirical distributiondlwio longer approximate
the marginal CDFs. An assignment of weights to the sampletpdé necessary to
preserve the marginal CDFs. In order to do so the weighisss, . ..,wn, € [0,1],
corresponding to the sample points x2, . . ., zng, are required to satisfy the follow-
ing conditions: _
Let mj be a sorting permutation dfl, 2, ..., Ng}, such thatr L) S @’ (@) <
<l L(Ng)" Let againI be the index set of those entries of the random vector
where margmal distributionB; are given on each component I. Then the weights
should satlsfy the following equality for all components I andk € {1,2,..., Ng}:

Ns
k=1

The functlon

> w (4.3)

{jlzi <&}
is a Weighted marginal empirical distribution. For trivigeights,w; = wy = -+ =
WNg = F; is a standard empirical distribution as in Proposifiod 4The con-

straints m) require the weights to represent the mar@iD&s with some reasonable
margind. In other words, the weighted marginal empirical distribas Fiiel
should not differ from the given marginal CDF, by more thand. In practice, one
choosesl = dkg,; with KS statistics, i.e.,

¢ '(a)
dKS 1= 0.11 (44)
VNs +0.12+ SL
where¢ is the Kolmogoroff functions()) := 537°° (—1)ke~2"3* 4 the confi-

dence in the KS theorem, ¢f._Kolmogoraff (1941), Press ef18192). This choice is
reasonable in practice although not precisely fitting thiéveldon of the KS theorem.
To achieve weights satisfying (4.2) we formulate the follogMinear program:

min e
s.t. Fy(&) € [Fi(€) — e - dxs1, Fi(&) + e - dxs.1] Vi, &

S 4.5)



where¢;, are some given interpolation points on the related ma@inhe weighted
empirical marginal distributions as defined[in (4.3). Themaemputel from
d= el N [Fi() = Filx))l (4.6)
the maximum deviation oﬁ» fromF;, i e 1.
It should be remarked that we make use of CVX,|cf. Grant andoB@@07), to

solve [4.5), and of the MrLAB Statistics Toolbox to evaluate probability distributions
By the weight computation we get a weighted empirical distiibn from

F)= Y w (4.7)

{3V (z;) <&}

approximating the CDF o¥ (¢). The achievement of weights satisfyiig {4.2) means,
that all information of the marginal CDFs is reflected in tlemstruction ofF. The
information given as boxes or sample data is reflected anwsaiis does not imply
additional constraints td (4.2).

If weights satisfying[(42) can only be achieved with> dks i, the relaxation
d gives us an indicator for the quality of the approximationahhwill be useful to
construct bounds on the CDF(V (¢)). After the approximation of’(V (¢)) with F,
we are just one step away from generating a potential clote. |dst step is seeking
an appropriate bounding di(V (¢)).

From the knowledge aofks 1, andd we computelks » similar to before[(414), for
a fixed confidencé:

A0 - max(1

d =
KS,2 vVNg +0.12 + % dKS,l

), (4.8)

with the approximation quality factog}jlT which corresponds te in (4.8), if the

interpolation and the sample points coincide. Now we define- min(f +dks 2, 1)
andF = max(f — dks.2,0) and fit these two step functions to smooth, monotone
lower boundsy(V (¢)) and upper bounds(V (¢)), cf. Figure4.1. Observe that if the
quality of our approximation with or the sample siz&'g is decreased, the width of
the bounds is increased correspondingly.

4.3 Remark. Figure[4.1 reminds of p-boxes. In fact a potential cloud camdnsid-
ered as a p-box on the potential of a random vector. Clou@sdxhe p-box concept to
the multivariate case without the exponential growth ofkniarthe conventional p-box
approach.

Thus we have found aappropriate bounding of the CDFF(V (¢)) and according
to Propositio 2.8 we have generated a potential cloud \dantppingy : ¢ —
(V). a(V ().

Note that if a weighted sample is actually available (in hgxest case all weights
areNLs), we can directly comput& and £ from F' settingd = dks 1.



Figure 4.1: The smoothed lower boundd’ (¢)) and upper bounds(V (¢)) enclosing

the empirical distribution oF (). The mapping — [a(V (¢)),@(V (¢))] is a potential
cloud (cf. Sectioh 2]2). The horizontal aut= 0.8 is illustrated and the corresponding
Vv, andV,, givenbya(V ) = a anda(V,) = a, respectively.
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The cloud represents the given information and now enatdet® unterpret the
potential level maps as confidence regi¢ag V(¢) < V,} for the random vectos:
thewor st-caserelevant region is defined a€', (cf. Sectiori 2.R), which is not empty
except for the case is very low and thus little interesting as a confidence level.

Thus the clouds give an intuition and guideline how to cartconfidence re-
gions for safety constraints. To this end we have combineerakdifferent theoretical
means: potential functions, KS statistics to approximd@&g£with empirical distribu-
tions and estimate bounds, sample generation methods,egttimg techniques.

5 The choice of the potential

The choice of the potential functidr that determines the shape of the corresponding
potential cloud can be chosen freely before cloud generatie will now investigate
different choices of” and reflect on what characterizegaod choice ofV.

Two special cases for choices of the potential function are

k_
Vie) = max |€7«7ku|’ (5.1)

wheree, u,r € R”, €, ¥, * are thek'™ components of the vectors, defines a box-
shaped potential.

V(e) = || Ae — b]3, (5.2)

wheree, b € R, A € R"*", defines an ellipsoid-shaped potential.

10



Figure[5.1 visualizes two confidence regions for the samdidmmce levelh =
0.95, but different potential$”, and shows that uncertainties can be described by dif-
ferent clouds. We emphasize that a poor choice of the patentikes the worst-case
analysis more pessimistic as the confidence regions arer)dmgt will still result in a
valid robust uncertainty handling.

Figure 5.1: The regiong’, o5 for two different choices ofl/, box- and circle-
shaped, respectively. The 2-dimensional sample belongetindependeniv (0, 1)-
distributed random variables ande2.

We are looking for a way to find a good choiceléfthat gives the possibility to
improve the potential iteratively and allows for a simplengutational realization of
the confidence regions, e.g., by linear constraints. Thiddeus to the investigation of
polyhedron-shaped potentials as a generalization of box-shaped potentials. A poly-
hedron potential centeredat € R™ can be defined as:

(5.3)

where(A(e —m))k, b* thek*™ component of the vectord(e — m) andb, respectively.
But how to achieve a polyhedron that reflects the given in&diom in the best way?
As mentioned previously we assume the information to conégiven samples, boxes
or marginal distributions, and unformalized dependenastaints. After generation
of a sampleS as described in Sectidd 4 we define a lgxcontaining 100% of the
sample points by := [g11, g1ns] X [g21, G2ns] X -+ X [gn1, gnns), @and we define
our potentiall;y(¢) box-shaped as i (5.1) taking the value 1 on the margin oite.,

k _ 9kit9grNg k _ 9kNg—9gk1
m = B , = — 5 -

Based on expert knowledge, a user-defined variation f, can be performed af-
terwards by cutting off sample points deemed irrelevantierworst-case, cf. Figure
[£.2: The optimization method provides a worst-case scendrich is highlighted in
the graphical user interface. The expert can decide to dgclkLg., the worst-case or
different scenarios, based on his technical knowledge s Hmuexpert can specify the

11



Figure 5.2: Graphical user interface for an interactivenac® exclusion. The exclu-
sion is performed in 1 and 2 dimensional projections.

Scenario Exclusion

xxxx

uncyar2

uncvar

uncertainty information in the form of dependency constisaadaptively, even if the
expert knowledge is only little formalized, resulting in alyhedron shaped potential.

5.1 Remark. There is a close relationship between the dependency eintstiand
correlation information. Consider the 2 dimensional ndtyndistributed case cen-
tered at 0, with non-zero correlation. Then the confidengeons are ellipse shaped
||A¢||3 < const. If one approximates the ellipse with a parallelepifjed ||, < const
you end up in a polyhedron shaped confidence region.

Figure 5.3: On the left, the map — «a(V(e)) (@(V(¢)) looks similar due to its
construction) for a 2-dimensional potential cloud, on thght; the contour lines of
a(V(g)). The marginal distributions for = (¢!,¢2) are aN(0,1) and ar'(10,1)
distribution, respectively.

Assume the linear constraint§(e — ) < b represent the exclusion of sample
points and the box constraint frobg, we define our polyhedron shaped potential as in

12



(&.3) withm = p.

This potential, originating from a box potential, is suiafor symmetric samples,
but: If some uncertain variables are described by asymaratirginal probability den-
sities, a better choic®; of the potential could be achieved by an appropréa di-
nate transformation v, i.e.,

Vi(e) == Vp((e))- (5.4)

An appropriate transformation would be, e.g., a logarithinansformation ot? if
F; : R™ — [0,1]. An example of a 2-dimensional potential cloud with= V; is
visualized in Figur€5]3.

Figure 5.4: The lower bounds(V (¢)) and upper bound&(V (¢)) for a potential
cloud with transformation (left figure) and without transfation (right figure). The
marginal distributions foe = (¢!, ?) are aN(0, 1) and ar'(10, 1) distribution, re-
spectively.

Vie) Ve "

We can observe the advantage of a transformed potentiabuméf6.4. Without
transformation the functions(V'(¢)) and@(V (¢)) are obviously steeper, and far
close tol the solutionV, of @(V,) = « is much closer td than in the transformed
case, which leads to larger confidence regions and a morep&isworst-case analy-
sis. The reason for that becomes apparent looking at Highrd fe confidence regions
for the transformed box potential are obviously smallentfa the non-transformed
potential.

6 Conclusions

In this paper we presented a new methodology to provide cemélregions for safety
constraints in robust design optimization in terms of ckutlVe can process the in-
formation from expert knowledge towards a reliable wokstec analysis, even if the
information is limited in amount and high dimensional, faimed or not, we do not
lose valuable unformalized information. The methods waoesssfully applied to real
life problems from spacecraft system design.

The adaptive nature of our uncertainty model, i.e., maguadiding dependency
constraints, is one of the key features. The iteration ssigraficantly improve the
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Figure 5.5: The figures show the regiofig, o = 0.5,0.8,0.95 for a box potential
cloud with (left figure) and without (right figure) transfoation. The two samples are
generated for distributed as in Figule 5.4.

€ . e[

uncertainty information and we are able to process the newnration to an improved
uncertainty model.

All'in all, the presented approach offers an attractive hpeat of view on uncer-
tainty handling and its involvement in robust design optiation.
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